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Abstract. We investigate the diffusion equation ∂t ρ = Dy ∂y2 ρ + Dx ∂x2 ρ +

D̄x δ(y)∂xµ ρ subjected to the boundary conditions ρ(±∞, y; t) = 0 and
ρ(x, ±∞; t) = 0, and the initial condition ρ(x, y; 0) = ρ̂(x, y). We obtain exact
solutions in terms of the Green function approach and analyze the mean square
displacement in the x and y directions. This analysis shows an anomalous
spreading of the system which is characterized by different diffusive regimes
connected to anomalous diffusion.
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1. Introduction
Diffusion is one of the most fascinating phenomena in nature which is present in
several physical contexts. Depending on the physical situation analyzed, it can be
characterized by a linear time dependence for the mean square displacement, i.e.
"(r − "r$)2 $ ∼ t, or it may have a different behavior, e.g. "(r − "r$)2$ ∼ tα , or a
divergent behavior, e.g. Lévy distributions. The first case concerns the usual diffusion
process which reflects the Markovian nature of this stochastic process. The other cases
are related to an anomalous diffusion which may occur by different mechanisms such
as memory effects [1]–[3], long-range correlations, long-range interactions [4]–[6] and
adsorption–desorption phenomena [7, 8]. In addition to the behavior of the mean square
displacement, the distribution related to anomalous diffusion may be characterized by
short-or long-tailed distributions when compared to the usual Gaussian distribution.
These situations connected to anomalous diffusion can be found in atom deposition
into a porous substrate [9], diffusion of high molecular weight polyisopropylacrylamide
in nanopores [10], highly confined hard disc fluid mixtures [11], fluctuating particle
fluxes [12], diffusion on fractals [13], ferrofluids [14] and colloids [15]. Different diffusive
behaviors may also be present in these systems such as the ones found in [5, 6], for
the case of long-range interaction, and in [16, 17], for active intracellular transport.
Several formalisms [2, 3], [18]–[24] have been used to investigate these rich variety of
physical situations, in particular, the extensions of the diffusion equation by incorporating
fractional derivatives and spatial dependence on the diffusion coefficient. In this direction,
we investigate the following fractional diffusion equation:
∂2
∂2
∂µ
∂
ρ(x, y; t) = Dy 2 ρ(x, y; t) + Dx 2 ρ(x, y; t) + D̄x δ(y)
ρ(x, y; t),
(1)
∂t
∂y
∂x
∂|x|µ
where ρ(x, y; t) represents the probability density function of the system, the spatial
fractional derivative considered here is the Riesy–Wely operator [2] and Dx , Dy and D̄x
represent the diffusion coefficients. Note that the dimensions of Dx and Dy are [L]2 /[T ]
and the dimension of D̄x is [L]1+µ /[T ], where [L] and [T ] correspond, respectively, to
length and time. The dimension of D̄x is different from Dx and Dy due to the presence of
the delta function and the spatial fractional derivative. This equation has two diffusive
terms for the x direction. One of them is related to the usual diffusive process and the
doi:10.1088/1742-5468/2011/02/P02022
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2. Diffusion equation and backbone structure
Let us investigate the solutions of equation (1) by considering the previous boundary
conditions and an arbitrary initial condition for the system. We first analyze the equation
with µ = 2 which corresponds to incorporating in the diffusion equation the diffusive term
present in the comb model [36, 37] and later on we discuss the case µ &= 2. For the first
case equation (1) may be written as
"
# ∂2
∂2
∂
ρ(x, y; t) = Dy 2 ρ(x, y; t) + Dx + D̄x δ(y)
ρ(x, y; t),
∂t
∂y
∂x2

(2)

where here the dimensions of Dx and Dy are [L]2 /[T ], as before, whereas the dimension
of D̄x is now [L]3 /[T ]. Note that equation (2) recovers for D̄x = 0 the usual diffusion
equation and for Dx = 0 the diffusion equation employed to analyze the diffusion in a
backbone structure is obtained [38]–[40]. In this direction, it is interesting to mention
that the solution obtained for equation (2) extends the solutions found in [25]–[27]. In
order to obtain a solution for equation (2), we start by applying the Laplace transform
! i∞+c
!∞
(L{· · ·} = 0 dt e−st · · · and L−1 {· · ·} = (1/2πi) −i∞+c ds est · · ·) which yields
Dy

# ∂2
"
∂2
ρ(x,
y;
s)
+
D
+
δ(y)
D̄
ρ(x, y; s) = sρ(x, y; s) − ρ̂(x, y).
x
x
∂y 2
∂x2

(3)

This equation
be simplified by using the Fourier
transform on the x variable
! ∞can also
!∞
−ikx x
−1
· · · and Fx {· · ·} = (1/2π) −∞ dkx eikx x · · ·), leading us to the
(Fx {· · ·} = −∞ dx e
following equation:
Dy

#
"
∂2
ρ(kx , y; s) − s + Dx kx2 + δ(y)kx2 D̄x ρ(kx , y; s) = −ρ̂(kx , y),
2
∂y

(4)

which is an ordinary differential equation on the y variable. By using the Green function
approach the solution of equation (4) may be written as
$ ∞
dȳ ρ̂(kx , y)G(kx , y, ȳ; s),
(5)
ρ(kx , y; s) = −
−∞

doi:10.1088/1742-5468/2011/02/P02022
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other one has a preferential diffusion when y = 0, characterizing a backbone, similar to
the one present in the comb model [25]–[27]. This diffusive term may arise in several
situations such as a percolation cluster [28]–[30], which corresponds to a random walk in
a preferential axis, the backbone, with lateral branches or traps [31]–[33], electrophoresis
process and tumor development [34, 35]. These two diffusive terms introduce different
behaviors for the solution which will be governed by an anomalous or a usual diffusion,
depending on the time scale and the initial condition considered.
The aim of this work is to investigate exact solutions for equation (1) accomplishing
the boundary conditions ρ(±∞, y; t) = 0 and ρ(x, ±∞; t) = 0 and the initial condition
ρ(x, y; 0) = ρ̂(x, y). By using this result, we analyze the spreading of the system by
evaluating the mean square displacement for the x and y variables when µ = 2. For
2
µ &= 2, we analyze
! ∞ the behavior of 1/(ρx (0; t)) , where ρx (x; t) is reduced distribution,
i.e. ρx (x; t) = −∞ dy ρ(x, y; t). These developments are performed in section 2. The
discussion and conclusions are presented in section 3.

Solutions for a diffusion equation with a backbone term

with the Green function obtained from the equation
Dy

#
"
∂2
2
2
G(kx , y, ȳ; s) = δ(y − ȳ),
G(k
,
y,
ȳ;
s)
−
s
+
D
k
+
δ(y)k
D̄
x
x
x
x
x
∂y 2

(6)

subjected to the condition G(kx , ±∞, ȳ; s) = 0. Equation (6) may be
by
! ∞simplified
−iky y
···
employing the Fourier transform with respect to the variable y (Fy {· · ·} = −∞ dye
!∞
−1
iky y
· · ·). In this direction, it is possible to show that
and Fy {· · ·} = (1/2π) −∞ dky e
G(kx , ky , ȳ; s) = −

e−iky ȳ
D̄x kx2
−
G(kx , 0, ȳ; s).
s + Dy ky2 + Dx kx2 s + Dy ky2 + Dx kx2

doi:10.1088/1742-5468/2011/02/P02022
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Figure 1. (a) and (b) illustrate for D̄x = 2 and 0 the behavior of equation (9)
versus x and y by considering µ = 2, ȳ = 0.1 and t = 0.3. Note that the backbone
term has the usual distribution and, as a consequence, a bimodal-like behavior
is verified when the initial condition is not centralized at the points x = 0 and
y = 0.

Solutions for a diffusion equation with a backbone term

The last term has the presence of G(kx , 0, ȳ; s) which corresponds to the preferential
direction of the diffusion in the x axis (also called the backbone by some authors [32, 41]).
It plays an important role for intermediate times as we show below by analyzing the
behavior of σx (t) for an initial condition which is not located at the origin. This term
may be found and it is given by
√
2
e− ((s+Dx kx )/Dy )|ȳ|
G(kx , 0, ȳ; s) = − % %
.
(8)
2 Dy s + Dx kx2 + D̄x kx2
By substituting equation (8) in equation (7) and performing the inverse of the Laplace
and Fourier transforms, the Green function is given by
2
'
e−x /4Dx t & −(y−ȳ)2 /4Dy t
2
%
− e−(|y|−|ȳ|) /4Dy t
e
G(x, y, ȳ; t) = −
4πt Dx Dy
)
*$
2
∞
e−(x−x̄) /4Dx t
|y| + |ȳ|
1
%
dx̄ √
− (
%
4πDx t
4πDy
−∞
8 D̄x Dy
- .

$ t
−(|y|+|ȳ|)2 /4Dy (t−t̄)
1 1
e
2
Dy
( , )
dt̄
H1,1, 10 
(9)
×
|x̄||(0,4 1)4  ,
3/2
t̄
D̄x
0
[(t − t̄)t̄1/2 ]
doi:10.1088/1742-5468/2011/02/P02022
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Figure 2. This figure shows the behavior of σx2 versus t for Dx = Dy = 1,
D̄x = 10 and ỹ = 0.5. Note that straight lines are used to show the different
diffusive regimes presented by a system governed by a Green function given by
equation (9). For this case, we have three different diffusive regimes, i.e. for small
and long times the usual diffusive and, for intermediate times, the superdiffusive
and subdiffusive regimes.

Solutions for a diffusion equation with a backbone term

(a ,A ),...,(a ,A )

m,n
where Hp,q
[x|(b11,B11),···,(bqp,Bqp) ] is the Fox H function [42] (see the appendix for some details
and properties). This result has, as a particular case, results presented in [27, 36] for
the comb model. By comparing equation (9) with the solution of the usual diffusion
equation, i.e. the case for which D̄x = 0, we observe differences which are due to the
presence of the backbone term. The main difference concerns the presence of the Fox H
function, related to the nonusual behavior of the solution. This feature may be verified
by performing the asymptotic expansion of this function, which leads us to a stretched
exponential function [2]. Another interesting aspect is the first term of equation (9) which
contributes to the solution, i.e. ρ(x, y; t), only if the initial condition is not centralized
at the origin. In figure 1, we show the behavior of the solution for D̄x &= 0 and D̄x = 0
to illustrate the changes produced by the presence of the backbone term. Note that, for
D̄x &= 0, we have a bimodal-like behavior different from the case D̄x = 0 characterized by
the usual diffusion.
In order to investigate the spreading of the distribution which is governed by the
previous Green function, i.e. equation (9), we evaluate the mean square displacement for
the x and y directions. Performing some calculations, by using equations (5) and (9), and

doi:10.1088/1742-5468/2011/02/P02022
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Figure 3. This figure shows the behavior of σx2 versus t for different values
of Dx = Dy = 1, D̄x = 10 and ỹ = 0 in order to show the influence of the
initial condition on the spreading of the system. Similar to figure 1, straight
lines are used to show the diffusive regimes presented by the system governed by
equation (9) when ỹ = 0. In contrast to figure 2 the position of the initial
condition produced two (and not three) different regimes. One of them is
subdiffusive and the other is the usual one.

Solutions for a diffusion equation with a backbone term

the initial condition ρ̂(x, y) = δ(x)δ(y − ỹ ), we obtain that
σx2 (t) = "(x − "x$)2 $
= 2Dx t + 2D̄x

-

*
)
1
2
ỹ 2
t
D̄x
|ỹ|
exp −
+ |ỹ| erfc %
πDy
4Dy t
Dy
4Dy t

(10)

and σy2 (t) = Dy t. By performing a dimensional analysis, it is possible to show that
equation (10) has the correct dimension, i.e. [L]2 as expected. The result for σy2 (t) shows
that the backbone structure has no influence on this direction. An interesting result is
verified for σx2 (t) which may exhibit different (two or three) diffusive regimes, depending
on the choice of Dx , D̄x , Dy and ỹ. In particular, for ỹ &= 0 the system presents for small
and long times a usual diffusion. The backbone structure plays an important role for
the intermediate times, as shown in figure 2 where straight lines were used to show the
anomalous behavior of σx (t). The green dotted line indicates the interval for which the
doi:10.1088/1742-5468/2011/02/P02022
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Figure 4. (a) and (b) illustrate for µ = 3/2 and 1/2 the behavior of equation (13)
versus x and y by considering, for simplicity, Dx = Dy = 1, D̄x = 10, ȳ = 0.1 and
t = 0.5.

Solutions for a diffusion equation with a backbone term

spreading of the system is superdiffusive and the subdiffusive regime is shown by the blue
dotted line. The usual regime is indicated by the red dotted line. For the case ỹ = 0 the
system manifests two different regimes, as shown in figure 3.
Let us incorporate in the previous analysis the spatial fractional derivative in the
diffusive term related to the backbone structure. For this case, the diffusion equation to
be investigated is equation (1) with µ &= 2. The presence of the fractional spatial derivative
in the last term of equation (1) incorporates a long-tailed distribution for the diffusion
in the backbone structure. In this manner, the system for y &= 0 is essentially governed
by short-tailed distributions and for y = 0 we may have the presence of a long-tailed
distribution like a Lévy distribution. The solution for equation (1) may be found by using
the procedure employed for the previous case, i.e. µ = 2. Let us start by applying the
Fourier and Laplace transforms in equation (1) on the x and t variables, which lead us to
the following differential equation:
Dy

#
"
∂2
ρ(kx , y; s) − s + Dx kx2 + δ(y)D̄x |kx |µ ρ(kx , y; s) = −ρ̂(kx , y),
2
∂y

doi:10.1088/1742-5468/2011/02/P02022
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Figure 5. (a) and (b) illustrate for µ = 3/2 the behavior of equation (13). In
(a), we have fixed the value of y, i.e. y = 0, and show for different times the
behavior of equation (13) versus x. In (b), we have fixed x, i.e. x = 0, and
show for different times the behavior of equation (13) versus y. We consider, for
simplicity, Dx = Dy = 1, D̄x = 10 and ȳ = 0.1.

Solutions for a diffusion equation with a backbone term

which has as solution equation (5) with the Green function given by
2
'
e−kx Dx t & −(y−ȳ)2 /4Dy t
2
G(kx , y, ȳ; t) = − %
− e−(|y|+|ȳ|) /4Dy t
e
4πDy t
2
1
1
2
$
2
e−(|y|+|ȳ|) /4Dy (t−t̄)
|y| + |ȳ| −kx2 Dx t t
D̄x |kx |µ √
√
%
e
dt̄
E1,1 − %
−
t̄ , (12)
2 2
4Dy π
4Dy
t̄(t − t̄)3
0

where Eα,β (x) is the generalized
3∞ n Mittag–Leffler function. In particular, this function is
defined as Eα,β (x) =
n=0 x /Γ(β + αn) [43]. Performing the inverse of Fourier and
Laplace transforms, it is possible to show that the Green function is given by
2
'
e−x /4Dx t & −(y−ȳ)2 /4Dy t
|y| + |ȳ|
2
%
%
− e−(|y|−|ȳ|) /4Dy t −
G(x, y, ȳ; t) = −
e
4πt Dx Dy
2D̄x πDy
$ ∞
$
2
2
e−(x−x̄) /4Dx t t e−(|y|+|ȳ|) /4Dy (t−t̄) µ−1 2, 1
×
dx̄ √
dt̄ %
|x̄| H3, 3
4πDx t
(t − t̄)3 t̄2
−∞
0
5
4 .
µ µ
1
Dy
2
µ (0, 1), (0, 2 ), (1− 2 , 2 )
|x̄| |(1−µ, µ), (0,1), (1− µ , µ ) .
×
2 2
t̄
D̄x

(13)

Figure 4 illustrates the behavior of the previous equation. Note that the presence of the
additional term, i.e. the backbone term, changes the behavior of the solution and it may
exhibit a bimodal behavior, similar to the case µ = 2 analyzed before. Figure 5 shows the
doi:10.1088/1742-5468/2011/02/P02022
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Figure 6. Behavior of ρx (x, t) versus x is illustrated for µ = 1 by considering
for simplicity Dx = Dy = D̄x = 1 and ỹ = 0.1. This figure shows that the
asymptotic limit is a power law (red dotted line) due to the spatial fractional
derivative present in the diffusion equation.

Solutions for a diffusion equation with a backbone term

behavior of equation (13) for a single coordinate projection for different times. By using
the previous equation it is possible to obtain the solution ρ(x, y; t) and, consequently,
the
!∞
reduced distribution ρx (x; t) by performing an integration, i.e. ρx (x; t) = −∞ dyρ(x, y; t),
as defined before. For ρx (x; t) with the initial condition ρ(x, y; 0) = δ(x)δ(y − ỹ), we have
that
)
*
.
$
2
−x2 /4Dx t
Dy ∞
|ỹ|
2
e
e−(x−x̄) /4Dx t
erf %
+
dx̄ √
ρx (x; t) = √
π −∞
D̄x
4πDx t
4πDx t
4Dy t
4 .
5
$ t
µ−1
µ
µ
1
|x̄|
Dy
2
(0, 1), (0, 2 ), (1− 2 , 2 )
,
(14)
dt̄ %
H3,2, 31
×
|x̄|µ |(1−µ, µ), (0,1),
(1− µ
,µ)
2
2 2
t̄
D̄x
(t − t̄) t̄
0
where erf(x) is the error function. In figure 6, the behavior of equation (14) versus x shows
that in the asymptotic limit the long-tailed behavior of equation (14) is governed by a
power law as shown by the red dotted–dashed straight line present in this figure. Figure 7
shows that the spreading of the system with a fractional derivative on the backbone
diffusive term introduces different regimes for an intermediate time. Figure 8 illustrates
for one value of µ the anomalous behavior present when intermediate times are considered.
In particular, depending on the value of µ only a different diffusive regime from the usual
one is verified.
doi:10.1088/1742-5468/2011/02/P02022
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Figure 7. Behavior of 1/ρ2x (0, t) versus t is illustrated for different values of µ
by considering for simplicity Dx = Dy = D̄x = 1 and ỹ = 0.1. This figure
shows different diffusive regimes for the system governed by equation (13) which,
depending on the value of µ, may present three (µ = 3/2 and 2) or two diffusive
regimes (µ = 1). The red straight line corresponds to the usual case, i.e.
1/ρ2x (0, t) ∼ t.

Solutions for a diffusion equation with a backbone term

3. Discussion and conclusions
We have investigated solutions for a non-Markovian diffusion equation (1) by considering
first the situation characterized by µ = 2, which corresponds to the usual operator for
the x variable and after analyzing the case µ &= 2. Equation (1) has the superposition
of two different diffusive process, one of them characterized by the usual diffusion and
the other is the diffusion on a backbone structure. This feature is represented by the
presence of two different diffusive terms associated with the x variable. The diffusion
in the backbone structure may have a short-or long-tailed distribution depending on the
µ value. The first case analyzed, i.e. µ = 2, employs the usual derivative operator and
consequently has a short-tailed distribution. In this context, the mean square displacement
has presented different diffusive behaviors which are essentially due to the backbone
structure incorporated in the diffusion equation. A similar situation is verified when
the spatial fractional derivative is incorporated, i.e. when we consider µ &= 2. Finally,
we hope that the results found here may be useful to investigate situations related to
anomalous diffusion.
Acknowledgments
We thank CNPq and CAPES (Brazilian agencies) for partial financial support.
doi:10.1088/1742-5468/2011/02/P02022

11

J. Stat. Mech. (2011) P02022

Figure 8. Behavior of 1/ρ2x (0, t) versus t for intermediate times is illustrated for
µ = 3/2 by considering for simplicity Dx = Dy = D̄x = 1 and ỹ = 0.1. This
figure shows the anomalous behaviors present in the spreading of the system
which, for small and long times, is governed by the usual diffusion. Note that the
red straight line corresponds to the usual case, i.e. 1/ρ2x (0, t) ∼ t.

Solutions for a diffusion equation with a backbone term

Appendix
The Fox H function (or H function) may be defined in terms of the Mellin–Barnes type
integral [42]:
$
6
7
6
7
1
(ap ,Ap )
(a1 ,A1 ),···,(ap ,Ap )
m,n
m,n
χ(ξ)x−ξ dξ
Hp,q x|(bq ,Bq ) = Hp,q x|(b1 ,B1 ),···,(bq ,Bq ) =
2πi L
(A.1)
n
Πm
j=1 Γ (bj − Bj ξ) Πj=1 Γ (1 − aj + Aj ξ)
χ(ξ) = q
Πj=m+1 Γ (1 − bj + Bj ξ) Πpj=n+1Γ (aj − Aj ξ)

0

Here, the parameters have to be defined such that Aj > 0 and Bj > 0 and aj (bh + ν) &=
Bh (aj − λ − 1), where ν, λ = 0, 1, 2, . . ., h = 1, 2, . . . , m and j = 1, 2, . . . , m. The contour
L separates the poles of Γ(bj − Bj ξ) for j = 1, 2, . . . , m from those of Γ(1 − aj + Aj ξ) for
j = 1, 2, . . . , n [42]. The H function is analytic in x if either (i) x &= 0 and M > 0 or (ii)
3
3
8
A 8
−B
0 < |x| < 1/B and M = 0, where M = qj=1 Bj − pj=1 Aj and B = pj=1 Aj j qj=1 Bj j .
Some useful properties of the Fox H function found in [42] are listed below.
(i) The H function is symmetric in the pairs (a1 , A1 ), . . . , (ap , Ap ), likewise
(an+1 , An+1 ), . . . , (ap , Ap ); in (b1 , B1 ), . . . , (bq , Bq ) and in (bn+1 , Bn+1 ), . . . , (bq , Bq ).
(ii) For k > 0
6
7
6
7
(a ,A )
(a ,kA )
m,n
Hp,q
x|(bqp,Bqp) = kHpmqn xk |(bqp,kBqp) .
(A.3)

(iii) The multiplication rule is
6
7
6
7
(a ,A )
(a +kA ,A )
m,n
m,n
xk Hp,;q
x|(bqp,Bqp) = Hp,q
x|(bqp+kBqp,Bqp) .

(A.4)

(iv) For n ≥ 1 and q > m
6
7
6
7
(a ,A )(a ,A )···(a ,A )
(a ,A )···(ap ,Ap )
m,n−1
m,n
x|(b11,B11)···(b2 q−12 ,Bq−1p )(ap1 ,A1 ) = Hp−1,q−1
x|(b12,B12)···(bq−1
Hp,q
,Bq−1 ) . (A.5)
(v) For m ≥ 2 and p > n
6
7
6
7
(a ,A )···(a
,Ap−1 )(b1 ,B1 )
(a2 ,A2 )···(ap−1 ,Ap−1 )
m−1,n
m,n
Hp,q
x|(b11,B11)(b2 ,Bp−1
=
H
x|
. (A.6)
p−1,q−1
(b2 ,B2 )···(bq ,Bq )
2 )···(bq ,Bq )

(vi) The relation between the generalized Mittag–Leffler function and the Fox H function
is given by
6
7
(0,1)
1,1
−x|(0,1)(1−β,α) .
(A.7)
Eα,β (x) = H1,2
8
(vii) If the poles of m
j=1 Γ(bj − Bj ξ) are simple, the following series expansion is valid:
m 9
∞
6
7 9
(−1)ν x(bh +ν)/Bh Πm
(a ,A )
j=1,j#=h Γ (bj − (Bj /Bh )(bh + ν))
m,n
x|(bqp,Bqp) =
Hp,q
q
ν!Bh
Πj=m+1 Γ (1 − bj + (Bj /Bh )(bh + ν))
h=1 ν=0
Πnj=1 Γ (1 − aj + (Aj /Bh )(bh + ν))
×
.
Πpj=n+1Γ (aj − (Aj /Bh )(bh + ν))

doi:10.1088/1742-5468/2011/02/P02022
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where m, n, p and q are integers satisfying 0 ≤ n ≤ p and 1 ≤ m ≤ q. It may also be
defined by its Mellin transform:
$ ∞
6
7
(a ,A )
m,n
ax|(bqp,Bqp) xξ−1 dx = a−ξ χ(ξ).
Hp,q
(A.2)

Solutions for a diffusion equation with a backbone term
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